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Abstract 

We derive a selection of energy estimates for a generalisation of a critical 
equation on the unit disc in M? introduced by Riviere. Applications include sharp 
regularity results and compactness theorems which generalise a large amount of 
previous geometric PDE theory, including some of the theory of harmonic and 
almost-harmonic maps from surfaces. 



1 Introduction 

Suppose u G M"') is a weak solution to 

-Au = n.Vu (1) 

where here and throughout this paper Bi is the unit disc in M^, Q G so{m) ®]R^), 

and we are using the notation [fi.Vu]* = (fi*, Vn-'). This equation, first considered in 
this generahty by Riviere [TT], generahses a number of interesting equations appearing 
naturally in geometry, including the harmonic map equation, the if-surface equation 
and, more generally, the Euler-Lagrange equation of any conformally invariant elliptic 
Lagrangian which is quadratic in the gradient. A central issue is the regularity of u 
implied by virtue of it satisfying the equation ([T]). A priori, the right-hand side of the 
equation looks like quite a general function, and standard elliptic regularity theory 
does not seem to help. However, Riviere [H] showed that any solution must necessarily 
be continuous and even in 14^^'^+^ for some e > [12], thus generalising the famous 
regularity theory of Helein [7], for example. In most known interesting special cases 
of this equation, one happens to know that \Q\ can be estimated linearly in terms of 
|Vu|, i.e. we have |f2.Vn| < C|Vup and then a standard bootstrapping argument 
can be applied to improve the regularity of u first to C^'", and then (via Schauder) to 
smoothness. 
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In this paper we investigate what sort of regularity and compactness properties we can 
deduce for solutions of the general equation ([T]), and even more general inhomogeneous 
equations with the same special structure. It is easy to convince oneself that it is 
unreasonable to expect regularity better than W'^''^ in general. However, we will show 
that we do have regularity up to this level, or the best possible regularity when there is 
an inhomogeneity. 

Theorem 1.1. Suppose that u G W^''^{Bi,W^) is a weak solution on the unit disc in 

M2 to 

- Au = n.Vu + f, feL^{Bi,W^) (2) 

where G L'^{Bi, so{m) (g) M^) and p G (1,2). Then u G Wf^^^Bi). In particular, if 
f = 0, then u G IVf^f for all p G [1, 2) and u G W^^^ for all q G [1, oo). 

Moreover, for U CC Bi, there exist rjQ = ?7o(p, m) > and C = C{p,m,U) < oo so that 
if IMIl^Bi) < Vo then 

\\u\\w^:V{U) < + IklUi(Bi))- (3) 

This theorem omits the borderline case p = 2 for good reason; even in the case that / = 
0, one can find solutions so that u is neither W"^'"^ nor Lipschitz. Moreover, examples with 
/ = show that the first derivatives of u need not even lie in BMO, and (consequently) 
the second derivatives need not even lie in the Lorentz space L^'°° (see Appendices IA.2I 
and I A. 31 for definitions if necessary). 

As a corollary of our theorem, we see that f E U implies that u lies in C ' ^ p , hence 
recovering a result of Rupfiin [13] in the case of two-dimensional domains. Riviere has 
informed us that our regularity assertion in the particular case / = will also be made 
in the final version of [12], based on a different proof. 

We remark that the estimate Q fails without the smallness of Vt hypothesis. More 
precisely, there exist a sequence VL^ G L^(i?i, so{m) (g)M^) uniformly bounded in L^, and 
a sequence of weak solutions G W^''^{Bi,W"^) to the equation 

uniformly bounded in IV^'^, such that Uk is unbounded in any W"^'^ space with p G (1,2). 
(A sequence of harmonic maps undergoing bubbling would provide an example.) 

Estimate ([3]) implies that for any sequence VLk G L'^{Bi, so{m) (8)M^) with ||f2fc||2,2(Bj) < 
rjo, and any sequence of weak solutions Uk G H^^'^(-Bi, M'") to the equation 

-Auk = Vtk.Vuk + /fc, 

with Uk uniformly bounded in W^''^ and fk uniformly bounded in some space U' for 
p G (1, 2), we may deduce that Uk is locally uniformly bounded in W"^'^. By the theorem 
of Rellich-Kondrachov, we can deduce that Uk is precompact in Vr^'*(-Bi/2) for any 
t<^. 

2-p 
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In this paper, we work somewhat harder to prove a stronger compactness result, ex- 
tending a recent theorem of Li and Zhu [TU], in which we assume merely that the 
inhomogeneous terms fk are bounded in L In L (a space larger than any of the spaces 
with p > 1, but slightly smaller than L^; see Appendix IA.3I for more information on this 
space, and definitions, if necessary). 

Theorem 1.2 (Compactness). Suppose that we have a sequence C W^''^{Bi,W^) 
of weak solutions to 

-AUn = VLn.VUn + fn 

on the unit disc in M^, where {0.^} C L'^{Bi,so{m) (g) M^) and {fn} C LlnL(i?i,M"). 
Suppose also that there exists A < oo such that 

\\Un\\L^(Bi) + ll/n|UlnL(Bi) < A. 

Then there exist an 772 = ri2{m) > and u G Wl^l{Bi,W^) such that if ||f^ri||L2(_Bi) < 112 
then after passing to a subsequence 

lim \\Un - u\\w^,2(B./.) = 0. 

We will show in Section [8] that this result fails if we replace LlnL by the related Hardy 
space (see Appendix IA.2p . In the special case that {fin} is a precompact set in L^, 
and Un is uniformly bounded in W'^''^, this result was proved recently by Li and Zhu [TU] . 

Remark 1.3. The compactness result is ruling out concentration of energy as is done 
in [TD] - i.e. concentration of ||Vm„||^2- In contrast, we do not rule out concentration 
of II Vm„||^2,i or of the corresponding second order quantity ||V^M„||ii. However, it will 
follow from our estimates (and in particular, ([6]) below) that if these latter concentrations 
occur we must have /„ concentrating in L In L. 

Even in the classical case that = there is a consequence of such compactness 
which may be worth remarking, although one which would follow from previously known 
theory. 

Corollary 1.4. On the ball in M^, the embedding 

L\nL{Bi) ^ H-\Bi) 

is compact. 

At the heart of this paper is a collection of energy/decay estimates which we summarise 
in the following theorem. 

Theorem 1.5 (Main supporting theorem). Suppose u G H^"'^'^(-Bi, M"') is a weak solution 
to 

- Au = n.\/u + f, / G LlnL(5i,R™) (4) 
on the unit disc in M?, where fl G L'^{Bi, so{m) ® M^). Writing u = Jg^ u, 
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1. there exist 7] = r]{m) > and Ki = Ki{m) < oo such that if \\Q\\l2(^Bi) < V; then 
for all r G (0, 1/2] we have 

l|VM||i2(s,) < Ki (\Ml2^B^)\\^'l^\\hiB^) + - ^\\h(B^) + \\f\\LHBi)\\f\\LlnLiB^)) 

(5) 

and 

||V^m||li(B^) < Ki (||fi||i2(B^)||VM||L2(Bj) + r'^Wu - u\\mB,) + ||/||LlnL(Bi)) ; (6) 

2. for all 6 > there exist rj = 'r]{m,6) > and K2 = K2{Tn^5) < 00 such that if 
||^||l2(_Bi) < Vj then for all r G (0, 1] we have 

\\^u\\h(B.) < {^+sy\\'^u\\hiB,) + 

Although we will not need it in this work, we note that the first part of the theorem will 
also yield estimates for Vm in the Lorentz space L^'^ (by the embedding W^'^ ^ L^'^). 

The estimates of the first part of the theorem are interior estimates which have the 
weakest norms of u on the right-hand side. By combining them with a standard covering 
argument, we will also derive the following optimal global estimate: 

Theorem 1.6. With u and f as in Theorem \1.5\ and U CC Bi there exist an rji = 
?7i(m) > and C = C{m, U) < 00 such that if \\Q\\l2(^Bi) ^ Vi; then 

\\u\\w^-HU) < C [\\u\\l1(^Bi) + ||/||LlnL{Bi)) • 

The second part of Theorem 11.51 is used to obtain both the regularity result Theorem 
11.11 and the compactness result Theorem 11.21 

We remark that Theorems II. H II. 2[ 11.51 and 11.61 all fail if we drop the antisymmetry 
hypothesis on Q. 

The paper is laid out as follows. In Section [3] we prove the main supporting Theorem 
II. 5[ which is central to the other results, then we go on to prove Theorem 11.61 in Section 
m This allows us to prove the compactness Theorem 11.21 in Section [5] and its corollary 
in Section Ei We leave the regularity Theorem 11.11 to Section [7] and finally in Section [S] 
we give an example to show that the compactness result fails if we replace L In L by the 
Hardy space h^. 

Acknowledgments: Both authors were supported by The Leverhulme Trust. The second 
author would like to thank Pawel Strzelecki for useful discussions. 



2 Preliminaries 

To begin, we describe some properties of the space LlnL, and record the behaviour of 
the equations ([2]), (jl]) and various norms under scaling. In addition, we have collected 
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a number of known results in an appendix. 



2.1 Estimates for LlnL 



For the definition of LlnL and /*, see Appendix IA.3I 

Lemma 2.1. Suppose f G Lin L{Br{xQ)) and r G (0,1/2]. Then there exists C < oo 
such that 



< c 



In 



LlnL{Br{xQ))- 



Proof. Notice that 



< r^^' f*{rH) In (^2 + ^1 dt 

Br{xo)\ f 1 

/*(s)ln 2 + — ) ds 







/\Br[XQ)\ ^\Br(XQ)\ 79 1\ 

j\s)\nr^ds-r ns)\n(- + -] 

+ c\\f\\ 



ds 



< -21n(- 

r 



where the final inequality is obtained by noticing that s < vrr^ < 1 which implies 
4 + 1 < 221+1 < ^2 + i)^ for some fixed C. □ 



The following lemma indicates that LlnL norms do not deteriorate under scaling. How- 
ever we emphasise that they need not improve, unlike L^ norms for p > 1. 

Lemma 2.2. Suppose f G Lin L{Br{xo)) where r G (0, 1/2]. Defining f := r"^ f{xo + rx) 
there exists C < 00 such that 



AnL{Bi) <c\\f\\ L\nL{Br(xo))- 



Proof. First we calculate 



f*{t) = inf{s > 

= inf{s > 

= inf{s > 

= r'f*{rH) 



\{xeB^■.\f{x)\>s}\<t} 

\{x G Bi : \r'^f{xo + rx)\ > s}\ < t} 

\{yeBr{xo):\f{y)\>^}\r-'<t} 
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therefore 



LlnL(Bi) 



\Bi 



< C /*(t)ln 2 + - dt 



C ' r^r{rH)\xi (2 + dt 

r\Br(xo)\ / 2\ 

C j /*(s)ln (2 + —J ds 



< C'||/|UlnL(B,(xo))- 



□ 



2.2 Scaling 

There will be several occasions when we will require estimates on some small ball 
Br/2{xq) in terms of quantities on the ball Br^xq). In this section, we make a note 
of what scaling we will be taking, and how each relevant quantity, and the equation 
itself, behave under this operation. 

Let u be a solution to ([2]) or (jl]). For xq G -Bi, let i? > be such that Br{xq) C Bi. 
Now we rescale u by defining u{x) := u{xq + Rx), f\x) := B?f{xQ + Rx) and VL{x) := 
RVt{xo + Rx). 

We have u e W^'^{Bi,R"') and 

-Au{x) = -R^Aui^xo + Rx) 

= Rn{xo + Rx).RVu{xq + Rx) + R^f{xQ + Rx) 
= n{x).Vu{x) + fix), 

i.e. the same equation as before. The quantities of which we will need to keep track are: 
1. 



2. 
3. 
4. 
5. 



Vm||lp(b,) = R p \\^u\\lp{b,.r(xo)) for any r e [0, 1] 

^\\l2{Bi) = \\^\\l^Br(xo)) 
u\\lp{Bi) = R ^\\u\\LP{Bii(xo)) 
f\\LP{B^) = ^^^^~^^||/||lp(B«(xo)) 
/llLlnL(Bi) < C\\f\\LlnL(BR{xo)) 



where the final estimate is following from Lemma 12.21 



6 



3 Proof of the decay estimates, Theorem 



1.5 



Most of the work in the proof will be common to both parts of the theorem. We will be 
referring to the 6 of the second part with the understanding that in the case of the first 
part, we could just set 5 = 1. 



We start off with r] = e, taken from Lemma \A.4:\ and will assume throughout that 
||^||l2{_Bi) < with the understanding that the upper bound rj will be lowered at 
different points during the proof. For our weak solution m to (jl]) corresponding to Q, we 
will assume, without loss of generality, that u = f^^ u = 0. 



To begin with we use Riviere's decomposition of Q (Lemma IA.4|) in order to rewrite the 



equation (equations and below). Lemma|Xlgives us A G W^''^{Bi, G'L^(M))n 
L°°(5i,GL^(M)), B e iyi'2(Ei,^/^(M)) and C = C{m) < oo so that 

VA-An = V^B 

and 

\\VA\\L2f^B,) + \\VB\\L2f^B,) + \\dist{A,SO{m)\\L^i^B,) < C\\n\\L2^B,)- 

Now, 

div(AVu) = VA.Vu + AAn 

= VA.Vu- AVl.Vu- Af 

= V^B.Vu-Af (8) 

and 

curl(v4Vu) = V^A.Vu. (9) 

We note here that the above equations only hold in a weak sense, and more care should be 
taken in their calculation. We illustrate this for ([8]): A priori div(74Vu) is a distribution, 
so for (j) G C^{Bi) we have 

div(AVM)[0] = - [ 

Jbi 

= [ (VAVm)0- V(0A).Vm 

Jbi 

= / (VA.Vm)0 - (Afi.VM)0 - Af(j) since u weakly solves (g]) 

Jbi 

= [ (V^5.Vm- A/)0= (V^5.Vm- 

Jbi 

We will now essentially carry out a Hodge decomposition of AVu in Bi using the ex- 
pressions ([8j) and ([9]). We first extend all the quantities arising above to functions on 
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Let Ex : W^''^{Bi) — )■ pyQ^'^(R^) be a bounded extension operator with each function in 
the image supported in B2. Denote u = Ex{u) G iy^'^(]R^, M"^) and note that since we 
are assuming J^^ n = 0, by the Poincare inequahty and by standard properties of Ex 
we have 

and u = u in Bi. 

For A, first let i = A - ^ A and A = Ex{A) e W'^'^{M.'^, glm(^)). Noting that 
Jg^ A = and using the same argument as for u we have 

here we have used that = = VA in Bi. Notice also that AVu+ ^ /^^ ^ Vn = 
AVu in Bi. 

We carry out the same extension for B to get B as above for A. We extend / by zero 
(without relabelling), so by Appendix E^l / G /^^(M^) with ||/||hi(R2) < C\\f\\L\nL{Bi)- 

Now we define 

D := N[V^B.Vu], 
E := N[V^A.Vu], 
F:=-N[Af], 

where N is the Newtonian potential (see Appendix lA.ip . Note that the quantity Af is 
well defined on the whole of by the definition of /. Finally let 

H := AVu + j A^Vu-VD -VF - V^E. 

The first thing to notice about H is that 

H = AVu -VD-VF- V^E (10) 

in Bi. Hence we have 

dw{H) = div(AVM) - A{D + F) = div(AVM) - V^B.Vu + A/ = 

weakly in and a similar calculation shows curl(i7) = weakly in Bi. (Again care 
must be taken in checking these.) Therefore H is harmonic in Bi (i.e. corresponds to a 
harmonic 1-form). 

Suppose r G (0, 1]. (For some estimates later it will need to be less than |.) 

Without loss of generality, we may assume that 5 G (0, 1]. (Recall that when addressing 
the first part of the theorem, we are just setting 5 = 1.) For 77 small enough, depending 
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on 6, we may assume (by the estimate in Lemma IA.4|) that A is close to a special- 



orthogonal matrix in the sense that both A and A ^ change the length of any vector by 
at most a factor of 1 + 5. Therefore 

||Vn||i.(^^)<(l + <5)2||AVn||i.(^^) 

< (l + 35)PVn||i.(^„) (11) 

< (1 +45)||if||i.(^^) +C(||VD||i.(^„) + ||VF||i.(^^) + ||Vi?||i.(5^)), 

where C is dependent on 6. In order to obtain the inequalities of Theorem 11.51 we 
estimate \\H\\L2(^Br), II VD||L2(ij,,), || VF||z,2(b^) and || V£'||l2(b^). 

First we consider VD = VN[\/-^B.Vu] and = VN[V-^A.Vu]. Notice that by the 
work of Coifman-Lions- Meyer-Semmes [2] and the fact that VA^ : ^/^(M^) -> L'^'^{Bi) 
is a bounded linear operator (see Appendix IA.4P we have, 



||VD||l2(b^) + ||VE||l2(b,) < C(||VD|U2,i(B,) + ||VE||l2,i(b,)) 

= C (||VAr[V^5.VM]|U2,i(B0 + \\VN[V^A.Vu]\\i^2,i^B, 

< C (||V^5.Vm||^i(m2) + ||V^AVm||«i(m2)) 

< C(||V5|| IIVAII 

< C\\n\\L2i^B,)\Y^u\\L2(B,) (12) 

where we have also used the continuous embedding L^'^ M- and the estimate from 
Lemma IA.4[ 



For VF = -VN[Af] we use f Appendix [O]) that the Riesz potential VA^ : L^{Bi 



L2'~(Ei) is a bounded operator; also VA^ : h}{B}) L^'\Bi) is bounded. We will 
also use the following: L^'°° is the dual of L^'^; if / G LlnL{Bi) then for any g G 
gf e L\nL{Bi) and ||fi'/||LinL(Bi) < jklU^ ll/IU inLCB Q and finally we use the continuous 
embedding LlnL(i?i) ^ /i^(]R^) (see Appendix IA.3I) . We have 



II^-^IIl2(Bi) ^ C*! VF||i2,oo(Sj)|| VF||i2,l(Bi) 

< cp/|Ui(^,)||A/|U.(M2) 

< C'||/||Li(Bi)ll^/IUlnL(i3i) 

< C:||/|Ui(B,)||/||Ll„L(i.,)- (13) 

Also, using merely the boundedness of VA^ : L^{Bi) — )■ L^'°^(i?i), we have 

||VF|Ui(5,)<C||/|Ui(50- (14) 

From here, we proceed differently in order to prove the two different parts of the theo- 
rem. For the first part, we now estimate ||if||ii(52/3) apply standard estimates for 
harmonic functions in order to estimate ||if||2,2(5^): Using Lemma [A.2[ and estimates 
(tni) and ([HD, we have 



\H\\LHBy,) < C (||VnlUi(5^/3) + WVDU.^By,) + WVE^.^By,) + W"^ FW^^^By,)] 

< C {\\u\\LiiB^) + \\f\\LHB^) + \M\L^B^)\\^u\\L2(^B^)) ■ (15) 



Since H is harmonic we have pointwise estimates on H and its derivatives on the interior 
of B2/3 in terms of || if 11^1(^2/3)) in particular 

||^||l-(Bi/2) + \\VH\\lo.^b,;^) < C\\H\\Li(^Bys)- (16) 

Therefore if we consider r G (0, |], then 

< Cr' {MliB.) + ll/llii(B.) + MUbJ'^^WIhb.)) ■ (17) 
Now, looking back at inequality (ITT]) and using ( IT^ . (IT^ and ffT7|) we have 



which is the first inequality that we seek from the first part of the theorem. 



In order to get the second estimate of the first part of the theorem, we return to the 
Hodge decomposition f|TO|l which tells us that 

Vu = A~\H + VD + VF + V^E) 

in Bi. Using the fact that the operators V^iV : h\R^) L\Bi) and V^A^ : 'H^{R'^) -)> 
L1(R2) are bounded (see Appendix [0|l . Lemma [Ql and equations ([12]), ffTHD . 



([T6|) and ([TtD we find that 

V^n = VA~^(i7 + VL* + VF + V^E) + A"\VH + V^D + V^F + VV^F) 

and 

||V^m||li(B,) < C'(||n||L2(Bi) II VM||L2(i?i)+r^||M||2,i(iJi)+r 11^11^2(5^) + II /||LlnL(i?i))- 

Since we have assumed without loss of generality that J^^ n = 0, by an application of 
the Poincare inequality we have 

l|V^n||ii(ij^) < C(||l]||L2(B^)||Vn||i2(B,) +r^\\u\\L^Bi) + ||/IUinL(Bi)), 
as desired. 

For the second part of the theorem, we return to a general r G (0,1]. We will now 
control H using the standard decay estimate 

||-f^|lL2(B^) < ^^I|-^IIl2(Bi) 

which holds since H is harmonic (see [H Lemma 3.3.12]). 
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Then using f lTTjl and f lT2|) and (fT3|) again, we find that 

||V«||i.(5^) < (1 + 45)||/7||i.(^^) + VZ^||i.(^^) + II VF||i.(^,.) + II Vi?||i.(^^)) 

< (1 + 45)rl^r||i.(^^) + C(|| VD||i.(^^) + II VF||i.(^^) + II Vi?||i.(^^)) 

< (1 + 55)rlAV«||i.(5^) + C(|| VD||i.(^^) + II VF||i.(5^) + II Vi?||i.(5^)) 

< (1 + 55)(1 + 5)V||Vn||i.(^^) + C(||VD||i.(^^) + ||VF||i.(^^) + ||Vi5||i.(5^)) 

< (1 + 1005)r2||V«||i.(5^) + C (||l^||i2(^,)||V«||i.(^^) + ||/||Li(Boll/IUinL(Bo) 

Thus, by repeating the argument with 5 reduced by a factor of 100, we conclude the 
proof. 



4 Proof of the W ' estimate, Theorem 11.6 



We can say immediately that the rji whose existence is claimed in the theorem can be 
chosen as 77^ = min|?7^,-^|, where eo is that given in Lemma lA.71 corresponding to 
/c = 4, and Ki and rj are from the first part of Theorem II. 5[ 

We would like to rescale the first estimate ([5]) of the first part of Theorem II. 5[ in the 
case that r = \. Indeed, adopting the notation of Section [2^ we know that 

||Vn||i2(B^/^) < Ki (||f^||i2(B^)||Vn||i2(B^) + ||n||ii(B,) + ||/||l1(Bi) ||/||LlnL(i?i) 

< ^'ill^lli2(B,)||Vn|ii2(5^) + c (||M||ii(Bo + ll/lliinL(B,) 

and (again by Section 12.21) this translates to 

W^Al-^iBii/^ixo)) ^ ^'^'l|l^llL2(iJfl(xo))ll'^«lli2(Bfl(xo)) +C' (^"^ll^llii 

Using our upper bound for 77 and the fact that i? < 1 we have, in particular 

\WAl^{B^/,{x,)) < ^o\\Vu\\l^B^{x,))+CR-^ (l|M||ii(B,) + ll/llilnL(Bi 



{Br{xo)) -T \\J \\L\nL{BR{xo)) 



Letting F = C {j\u\Wi^^^-^ + ||/|li in 2,(^1)) precisely in the set-up of Lemma lA.71 

since this estimate is true in particular for all B2r{xq) C Bi. Therefore 

II VW|U2(5^/^) < C {\\u\WiB,) + ll/l|LlnL(i?,)) • (18) 

It remains to improve this estimate to control the second derivatives, and for that we 
use the second estimate ([6]) of the first part of Theorem 11.51 in the case f = \, which 
we then scale by a factor | to give: 

||V\|Ui(B^/^) < C (^||fi|U2(B,/2)||Vn||L2(B^/^) + ||u||ii(s^/2) + ||/||LlnL(Bi/2) 
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Combining with ffTSj) then yields 



\V\\\lhb,,,)<C{\\u\ 



LlnL{B 



.)) 



and a simple rescaling and covering argument gives us that for any compactly contained 
U CC Bi there is a. C = C{U,m) < oo such that 



|w||vK2.i(C/) < C [\\u\\l1{Bi) 



LhiL{B 



.)) 



5 Proof of the compactness, Theorem 11.2 



Here we pick r]2 = minjr/i, rj, y 2k^} where rji is from Theorem ll.6[ and rj and K2 are 

from the second part of Theorem 11.51 for the choice 6 = 1. We know (by Theorem 
II. 6p that for all f/ CC Bi, our sequence {un} is uniformly bounded in W'^'^{U), so 
by the Sobolev embedding theorem there exists some u G Wl^^{Bi) such that (up to 
a subsequence) Un ^ u weakly in Vr^'^(i?2/3)- We also know that {Vm„} is uniformly 
bounded in W^'^{B2/3), so by Lemma lA. 6 1 (with Vwn = K.) if we have 



for all X G -82/3, then 



limlimsup || Vm„||l2(b,(^)) = 

'"^0 n— foo 



Vn„ — Vu 



(19) 



strongly in Lf^^{B2/z) which would prove the theorem. Therefore, it remains to prove 

(USD. 

Now pick Xq G -B2/3 and R G (0, 1/2] small enough such that Br{xo) C B2/3. Applying 
the second part of Theorem 11.51 to the rescaled scenario from Section 12.21 (for each n) 
yields (for r G (0, 1]) 

l|VUn||i2(B^) < A'2||l^„||i2(Bi)||Vn„||^2(B^) + 2r2||Vu„||^2(B^) + K2\\fn\\L^Bi)\\fn\\LlnLiBi) 

and reversing the scaling leaves us with 



< /'^2ll^«ll r2^^„^^„^^IIVu 



nWL^Baixo)) 

+ 2r^||VM„||i2(B^(^.Q)) + K2\\fn\\L^BR{xo))\\fn\\LlnLiBii{xo)) 



'n\\L-2{BR{xo))\ 
,2||V7„, l|2 



< -\\VUr 

C^-'l|VlX„||i2(B^(,„)) + 



211 • -n\\L2{Bn{xo)) 
.2||r7„. Il2 



In 



R 



n\\L In L{Br{xo)) 



using Lemma [2.11 
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Now, using that is uniformly bounded in ^^^'^(-82/3) and the hypotheses of the 

theorem, we have 



II V«„||i.(B.,(.,)) < 1/211 V«„||i.(^^(,,)) +C[r' + 

Hence 



1^ 



hmhmhmsup ||Vn„||^2^B „(xr,)) ^ V21imhmhmsup ||Vu„||^2^b„(3,„-)) 



and we have shown that 



which proves the theorem. 



hmhmsup W'^UnWi^Brixo)) = 

^4-0 n— ^00 



6 Proof of the compact embedding LlnL H \ 
Corollary 11.41 

In this section we use Ti^ — BMO duahty (Appendix IA.2I and [S]), the compactness 
result Theorem 11.21 and the continuous embedding W^''^{E?) M- BMO{M?') (Appendix 
IA.3I) to prove the compactness of the embedding L\nL{Bi) H~^{Bi). 

First we check that the embedding LlnL exists and is continuous. We will 

realise / G LlnL(i?i) as a bounded linear functional on Wq''^{Bi). 

Recall from AppendixEJthat if / e LlnL(5i) then /-/ G ^^(M^) and ||/-/|ki(M2) < 
C||/||LinL(_Bi)- For (j) G Wl''^{Bi) we extend it by zero and calculate 

(/ - /)0 - 



< C\\f - /||wi(K-)||0bAfO(R2) + ^||/||li{Bi)||0||li(Bi) 

< C\\f\\LlnL{B^)U\\w^^'\B^) 

Thus / G H~\B^) and \\f\\H-^B,) < C||/|UinL(BO- 

Now consider a sequence {/„} C LlnL(i?i) such that ||/n||LinL(Bi) < A < oo. We can 
extend each to be zero outside Bi and consider the sequence of solutions {un} C 
Wq'^{B2) weakly solving 

-AUn = fn on B2. 

By the compactness of Theorem 1 1 . 21 we can conclude that there exists some u G W^''^{B2) 
such that (up to a subsequence) Un ^ u strongly in W^'^{Bi). 
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Writing / = —An (which can clearly be viewed as an element of H ^(-Bi)) we see that 
ll/n - /IIh-i(Bi) = sup / (/„ - /)0 

sup / (Vu„ — 'Vu).'V(j) 

< ||Vn„ - Vu\\l2(^Bi) 



as — 7- oo. 



7 Proof of the optimal regularity, Theorem 11.11 

The proof will proceed broadly in two steps. First, we will use a type of 'geometric 
bootstrapping' to show that solutions u have almost the optimal regularity claimed. 

Lemma 7.1. Suppose u G M™) is a weak solution to 

~Au = Q.Vu + f 

where Q G L^{Bi, so{m) ® M?) and f e for some p G (1,2). Then u G W^^]{Bi) for 
all 7 G [l,p). 

Once we have got this far, we can quantify the W'^''^ regularity via the following estimate. 
Lemma 7.2. Let p G (1,2) and suppose 7 G (2ji,p) and u G W'^''^' {Bi,W^) solves 

-An = n.Vu + / 

where Q G L'^{Bi, so{m) ® M^) and f ^ L^. Then there exists 773 = rjs{p,m) > and 
C = C{p,m) < 00 such that if \\Q\\l2(^Bi) < Vs ^^s'^ 

l|w|k2.7(B,/2) < C{\\f\\LviB^) + ||m||li(Bi))- (20) 

Let us assume these two lemmata for the moment and see how Theorem 11.11 follows. 
First, Lemma [7]T] directly applies, and we deduce W^^]{Bi) regularity for 7 G [l,p). If 
we assume that ||f2||i2(^^) < 773, then (l20l) of Lemma \7\2\ holds for 7 G (^j^,p) (strictly 
speaking we should make a small rescaling so that we can assume that u G W'^''^{Bi) 
for 7 G [l,p)) and by taking the limit 7 p, we deduce that 

\\u\\w^,P{B,/^) < C{\\f\\LP{B^) + \\u\\mB,))- 

By an appropriate covering argument, working on balls small enough so that < ^73, 

we deduce the regularity claimed in the theorem, and the claimed estimate ([3]). 

It remains therefore to prove Lemmata 17.11 and I7.2[ We will need, in turn, an additional 
lemma, which expresses the decay of energy of solutions u. 
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Lemma 7.3. Under the hypotheses of Lemma \7.1\ set a = 2(1 — 1/p) G (0,1). Then 



there exists 774 > depending on p and m such that if \\VL\\l2(^Bx) ^ Vi then 



sup r "||VM||i2(B^) < 00, 

a:o6Bi/2,r-6(0,l/2) 

and in particular, so that 

sup r~°'\\^l.Vu\\Li{Br) < oo- 

xoe-Bi/2,rg(0,l/2) 

Proof. (Lemma l7.3[ ) For reasons that will become apparent, choose 6 G (0, 1] sufficiently 
small so that 

A := < 2-^^'''M =: A e f i, 1^ (21) 



We can now choose 774 := minjr/, y 4^}, where rj is from the second part of Theorem 

11.51 depending on the 6 we have just chosen and therefore on p (as well as m) and where 
K2 is also from the second part of Theorem 11.51 Now take an arbitrary point xq G -B1/2 
and any R G (0,1/2). Estimate in the case that r = ^, applied to the rescaled 
quantities defined in Section [2l2] yields 

12 / (l + ^)nv7..ii2 , /,inii2 



|Vm||l2(Si/2) < ^ I|Vu||l2(b^) + K2 [\M\mB,)\\^^LHB^) + \\J \\LHBi)\\J llLlnL(Bi) 

< A||V^||i2(^^)+C||/||i,(^^). 



Reversing the scaling, using Section 12.21 we find that 

l|Vn||i2(^^^^(.,)) < A||Vn||i2(^,(.„)) + 

<A||V«||i2(5^(.,)) + [C||/||i,(^^)]i?^(i-V^). 

Now applying what we have proved for R = 2"^', with k G {1,2...} and using the 
abbreviation := ||Vm||^2(b kM)' ^^^^ 

ak+i < Aafc + A^32-4(i-i/p)'c 
= Xak + KsA^ 

where is independent of Xq. This recursion relation can be solved to yield 

ak+1 < X'ai + /TsA ' A- A ' 
and by ( 12T|) . this simplifies to 

Thus, for r G (0, 1/2] we have 

II v«||l2(s^(xo)) — ' 
and hence the lemma is proved. □ 
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Proof. (Lemma 17. II ) Our goal is to prove W'^''^ regularity, for all 7 G By applying 

Calderon-Zygmund theory directly to the equation ([2]), this will follow if we can show 
that r^.Vn G for all s G 

By the nature of what we are trying to prove, we may also assume that 11^11^2(5^) < ''74, 
where 774 is from Lemma 17.31 If this is not true, would could apply the result, after 
rescaling, on appropriate small balls where it is true. 

By Lemma I7.3[ and the first part of Lemma IA.3I with h chosen to be Q.Vu, we can 
deduce that for any q G (1, = (1, 2^)^ have 

hh G L^{By,), 

and in particular, this implies that u G W^''^{Bi/4) for some q > 2. If we apply the same 
result over appropriate smaller balls, we have in fact that u G Wl^^{Bi) for some q > 2. 
At that point, we know that Q.Vu G Lf^ci^i) with s = ^ G (1, 33^) C 

We will now show that from here it is possible to carry out a geometric bootstrap- 
ping argument by using the second part of Lemma IA.3[ As an aside, we note that a 
bootstrapping argument using only classical Calderon-Zygmund methods does not work. 
The bootstrapping claim is that 

Q.Vu G Ll^{Bi) with s G =^ Q.Vu G l'1^\Bi). (22) 

This is true because whenever we know that Q.Vu G L'l^^{Bi) with s G (l,p), then we 
can deduce from Lemma I7.3[ and the second part of Lemma IA.3I with h chosen to be 
f2.VM, that 

/i/iGL^^(Bi/4), 

and recalling that = gz-, this is enough to establish this time that u G VT^' 2^ (1^1/4) 
and hence fi.Vn G L^^'^+''-p'{Bii/^). Again, by a simple covering argument, we deduce 
that Vl.Wu G LiI'^\Bi) as desired. 

By iterating the bootstrapping claim f l2^ . we find that VL.Vu G Lf^^(i?i) for all s G [l,p), 
and the proof is complete. □ 

It remains to prove Lemma 17.21 

Proof. (Lemma 17.21 ) We begin by applying the Calderon-Zygmund estimate from 
Lemma lA.H giving some C independent of 7 such that 

C 

\Mw^--<(B,/^) < :^3y(II^^IIl^(B2/3) + II^IU^(B2/3))' 

valid for 7 G (1, 2] and M G W'^^^{Bi). 
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For the specific u of tlie lemma, and 7 G we may tlien compute (also using the 

inequalities of Sobolev and Holder, and Lemma IA.2p 



\\u\\w^,->(B,^,) < C{\\n.Vu\\L-f(B^^,) + ||/|U7(B,/3) + 11^11^2(^2/3)) 

< C(||fi.VM||L7(B2/3) + ll/IU^(B2/3) + lklkl.l(S2/3)) 

< C{\Ml2^bJ'^u\\^^^^^^ + WfWmB,) + Mlhb,))- (23) 

where C depends only on p and m. Now consider any v G Vr^'*(-Bi/2) for t G [1, 2). We 
can find a t-independent extension operator Ex : iy^'*(i?i/2) — )■ 14^^'* (M^) whose images 
have compact support in Bi, so that there exists some C < 00 independent of t G [1,2) 
such that (denoting Ex{v) = v) 

||'S||iy2,t(lR2) < C||w||vy2,t(B^/2) (24) 

with V = V in Bi/2. (See for instance [6l Theorem 7.25].) 

From here we apply the standard Sobolev embedding for Vw G W ' )■ L2-t to obtain 
(see Theorem 7.10]) 



iVvll 2t < — llV^t; 



- 2-t 

This, coupled with gives us 



t 

"""" ""l*- 



IV^II^^ < ^ll-lk-(Bv2) (25) 



for all V G '*(i?i/2), ^ G [1, 2) and where C is independent of t. 



Using f l23|) and fl25l) we have that there exists some C < 00 depending only on p and m 
such that 

||Vn|| 2^ < C(||fi|U2(B,)||Vn|| 2^ + ||/|U.(B,) + IhillLi(Bo) (26) 
for all7G {^,p). 

We now choose i?/j(xo) C using the scaling of Section I2l2| the estimate (126|) yields 
II Vm|| 2^ < C(||fi||i2(ij,)|| Vm|| 2^ + 11/11x7(50 + IImIUhsi)) 

which translates (using R <1 and Section [52]) to 

||V«|| 2^ < C(||fi||L2(B^(^„))||VM|| 2^ , +^"^(ll/IU^(i?H(xo))+l|w|UHB«(^o))))- 

Now let /3 = and raise this inequality to the power /3 to obtain (noticing /3 < ^^) 

ll^"llL/3(i?«/2(xo)) ^ ^ll^llL2(Bfl(xo))ll'^"llL^(Bfl(xo)) 



+ R '-''K [WfWLiiBnixo)) + MlmBnixo)))) 
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for some specific K < oo depending only on p and m. 

We now wish to apply Lemma [A. 71 We are able to choose ^73 = (^) where eo is that of 
Lemma lA.71 corresponding to the choice k = Let T = K (||/||l^(Bi) + II^I|li{-Bi)))^- 

The above estimate holds in particular for any i?/j(xo) such that B2r{xq) C so we 
have 

a o 6p 

Hence a direct application of Lemma IA.7I gives us 

||Vm|| 2^ < C(||/||lp(b,) + \\u\\l^b,))- 

Therefore a simple covering argument yields that there is a C = C(p, m) < oo such that 

II Vn|| 2^ < C(||/||LP(ij,) + \\u\\Ll(B^))■ 

^ T(-«2/3j 

and from here another application of Lemmata lA.ll and IA.2I tells us that there is a 
C = C{p, m) < oo such that 

ll«llvy2,7(B^^2) < C{\\f\\LP{Bi) + ||^^||Li(i?i))- 

□ 



8 LlnL cannot be replaced by 

Here we present a counterexample to the compactness Theorem IL2I when we allow 
fn £ h^{Bi). Our example will have f2„ = for all n and m„ : 5i — )■ will be a 
sequence of harmonic maps with bounded energy that undergoes bubbling. 

Let TT : — !■ §^ be the (inverse of) stereographic projection and take Un{x,y) = 
7r{nx,ny). Since m„ is harmonic for all n we know it solves (see [S]) 

— Am„ = V^Bn.VUn 

where ^^{3^)] = (m„)*V(m„)-'' - (Mn)-'V(M„)\ therefore || V-^5„||i2(]R2) < C\\Wun\\L2 
Letting /„ = V-'-i?„.VM„, we have 

WfnWnHM?) < C'l|VM„||i2™2) < C'||V7r||^2m2) = A < oo. 



This tells us two things: first that ||/n|Ui(Bi) < A < oo and second that ||Mn||vyi.2(Bi) < 
A < oo. At this point we have all the hypotheses of the theorem (except that we allow 
/„ G h^), but it is easy to see that there can be no subsequence converging locally 
strongly in W^'"^ because this sequence forms a bubble at the origin. 
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A Background and supporting results 



A.l Singular Integrals 

We recall here the basics of Calderon-Zygmund theory on the unit ball Bi C M^, follow- 
ing [B]. Define the Newtonian potential operator on functions / G L}{Bi) (implicitly 
extended to be zero to R^\i?i) by 



where T{x) = ^In If / G then AiV[/] = /. Writing w = N[f] we have 

1. : LP{Bi) —7- L^{Bi) is a bounded operator for all 1 < p < oo. 

2. Vw = VA^[/] = (Vr) * /. We will frequently view VA^ as an operator in its own 
right. It is easy to see that | VA^[/] | < 2^/i[|/|] where Ji is the standard notation for 

this Riesz potential (defined by convolution with jij) and Ii : U\Bi) — t- L^-p{Bi) 
is a bounded operator for all 1 < p < 2. 

3. (Calderon-Zygmund) Let / G U'{Bi), 1 < p < oo and w = N[f]. Then V^w = 
V^N[f] = (V^r) * / and (as above we see V^A^ as an operator) V^A^ : Lp{Bi) 
U'{Bi) is bounded for p in this range. More explicitly we have w G W'^''^{Bi), 
Aw = f almost everywhere, and 



In fact, revisiting a second time the proof of the Calderon-Zygmund estimates (e.g. [6l 
§9.4], but interpolating between q = 1 and r = 3) we find that the dependency of C in 
(127|) can be weakened, and one can prove: 

Lemma A.l. Let 7 G (1, 2] and suppose u G W'^''^{Bi). Then there exists some C < 00 
independent of such that 




\\'^M\LnB,)<C{p)\\f\\L.iB,y 



(27) 



C 



< 



7 - 



Of course, even in the case, we have sub-optimal estimates such as: 
Lemma A. 2. If u E L^{Bi) is a weak solution to 



Au = fe L\B,) 
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We now present a theorem of Adams giving improved estimates on the Riesz potential 
Ji if, in addition we have a decay estimate on our function. Given h G L^(i?i, M™") define 
a new function Iih to be the convolution of extended to be zero on ]R^\i?i, with 



Ixl \ i.e. 



Ib, \x-y\ 

Lemma A. 3. (Adams /I], Propositions 3.1 and 3.2].) Suppose h G L}{Bi) and 



sup r \h\ < oo, 

a;e-Bi/2,''-e{o,i/2) J Br{x) 

for some a G (0, 1). Then 

1. I,h e L'^iB,/,) for any q e [1,1^); 

2. if in addition h G Lloc{Bi) for s G (1, then hh G L''^'^^ {Bi/^) 



' 2-a 



A. 2 Hardy Spaces 

Pick G C^{Bi) such that J (J) = 1 and let </)t(x) = t~^</)(|). For a distribution / we 
say / lies in the Hardy space 'H^(M^) if /* G L^(M^) where 



= sup \{4)t * f){x)\ 

with norm 11/11^1(^2) = ||/^,||^i(k2). Clearly we have the continuous embedding 'H^(M^) 
L1(M2). The dual space of n\R^) is BMO{R'^) where BMO := {g G Ll^{R^) : 
SUPBCIR2 ^ /b 1^ - ^1 < (see [5]). 

Related to "H^ is the so-called local Hardy space defined to be those functions for 
which 

/i(x)= sup gL1(M2) 

0<t<l 

with corresponding norm. Again we clearly have the continuous embedding /i^(M^) 
L^(M^). For a function / defined in Bi we say that / G h^{Bi) if 

/i(x)= sup \{^t*f){x)\eL\B^). 

0<t<l-\x\ 

By im Theorem 1.92] we know that / G h^{Bi) if and only if for any (/? G C^°°(i?i) with 
J ip there is a constant A such that (p{f — A) G 'H^(M^), with 

!!(/.(/ -A)||^i(M.)<c||/|Ui(B,), 

where C = C{(p) and A is chosen such that / (p{f — A) = 0. 
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The Hardy spaces act as replacements to in Calderon-Zygmund estimates. In par- 
ticular for / G 'H^(]R^), writing w = N[f], we have the estimate (see [S]) 

\\V^w\\LiiM.2)<C\\f\\wm, (28) 
and if / e h^{R'^) then V^w E Ll^(R'^) with 

\\VMLHB,)<C\\fU^^^2y 

Moreover / G h^{Bi) implies V'^w G L]^^{Bi). The final two assertions follow from fl28l) . 
[m Theorem 1.92] and standard elliptic estimates. 

A. 3 Lorentz Spaces and LlnL 

For measurable / define, for s > 0, the distribution function A(s) = \{x : |/|(x) > s}\. 
Assuming lim^-j^oo A(s) = 0, define the nonincreasing rearrangement /* : (0, oo) — > [0, oo) 
by 

r{t) ■=mi{s > : \{s) <t}. 
Here we consider the spaces defined by: 

1. L^'i :={/:/ ri/2/*(t) dt <oo} 

2. L''^:={f:snp,^,e/'r{t)<oo} 

3. LlnL:={/: / /*(t) In (2 + i) dt < oo} 

The quantities above are not norms, but the spaces are all Banach spaces whose norms 
are equivalent to these quantities respectively. The spaces L^'^ and are two exam- 
ples of Lorentz spaces, which can be thought of as perturbations of the usual spaces. 
For example the following are all continuous embeddings (see [T7] ) 

LP(fii) ^ L^'\B{) ^ L^{Bi) = L^'^Bi) ^ L^'°°{Bi) ^ L'^{Bi) 

for all g < 2 < p. The dual space of L^'^ is 1"^'°° 

For the space LlnL we have the continuous embeddings 

LP{Bi) ^ L\nL{Bi) ^ L\Bi) 

for all p > 1. It is well known |16] that / G LlnL if and only if its correspond- 
ing maximal function is locally integrable, where the maximal function Mo(/)(x) = 
supj^Q 1^^^ lBt{x) \ extension of / by zero and comparison of the functions Mo{f) 

and /j we see that the following embedding is continuous 

LlnL{Bi) ^ h^R"^). 

In fact, if / G LlnL(5i) then / - / G n^R') with ||/ - /||«i(k2) < < 
C||/||LinL(Bi), where 

f-w\lBj i^^^i; 

in R'^\Bi. 
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A. 4 Embeddings and Estimates 

Listed below are some important miscellaneous results involving Sobolev spaces and the 
spaces mentioned above. 

1. The embedding W'^''^{R'^) ^ L^'^(E?) is continuous [8]. 

2. Given u,v E W^'^R'^) then Vu.W^v e n\R'^) with 
||Vm.V-^w||^i(r2) < C||VM||L2(K2)||Vt'||L2(R2). (See [2].) 

3. By 1. and the estimates from Appendices lA. II and IA.2I on the Newtonian potential 
we have that the operators ViV : h\R'^) lII{R^) and ViV : n\R'^) ^.^^(M^) 
are bounded. 

4. VA^ : L}{Bi) — )■ L'^'°°{Bi) is a bounded operator; this follows by standard esti- 
mates on convolutions and the fact that VF G 

5. The embedding W^''^{R^) ^ BMO{R^) is continuous. 
A. 5 Riviere's gauge 

The key result from Riviere's work that we will need is the existence of the following 
perturbation of Coulomb's gauge. 

Lemma A. 4 (Riviere). Suppose Q G L^(i?i, so{m) ®]R^). Then there exists e = e{m) > 
such that if < e we can find A G W^''^{B^,GL.^{R)) n L~(5i, G'L„,(M)), 

B G Vr^'2(5i,^/„(M)) and C = C{m) < oo where 

VA-An = W^B 

and 

IIVAII L^{Bi) + II Vi?||L2(B^) + \\dist{A, 30(771)11100(^^1) < C'||^||l2(Bi)- 

A. 6 Weak Convergence of Measures and Functions of Bounded 
Variation 

We consider the space of functions of bounded variation BV{B) for any ball B C M^. BV 
is defined by BV{B) = {V E L\B) : | VV^| := sup^g^iCB.M^) U\\l^<i Ib ^div0 < 00}. 
In other words it is the space of functions whose distributional derivatives are signed 
Radon measures with finite total mass. This is a Banach space with norm ||V^||By(B) = 
II^IUh-B) + Ib I^^I- ^^^y ^^^^ have the continuous embedding W^'^ )■ 

BV, moreover we have the continuous embedding BV{B) ^ L'^{B) and the compact 
embeddings BV{B) U'[B) for any p < 2 (see for instance [T7]). 
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We also use the standard weak-* compactness available in the space of signed Radon 
measures with finite total mass, denoted M. 

The proof of the next lemma is essentially taken from [3l Theorem 9] and is similar to 
that stated in [10]. For an integrable function k we implicitly view it as both a function 
and a measure, i.e. k = k dx. 

Lemma A. 5. Suppose {Vn} C BV{B) is a bounded sequence and B G M."^ is an open 
ball. Then there exist at most countable {xj} C B and {aj > 0} (where < co) 

and V G BV{B) such that (up to a subsequence) 

j 

weakly in M{B). 

Proof. Since {Vn\ C BV{B) is a bounded sequence, there exists V E L'^ such that (up 
to a subsequence) Vn strongly in for all p < 2 and Vn weakly in L^. Also 
{VKi} C M{B) is bounded so (again up to a subsequence) VKi ^ A (a vector-valued 
measure G M{B). In particular, for all G Cl{B,n^) 

').dX = lim / (j).Wndx 



— lim / div{(j))Vndx 
div{(f))V dx. 



In other words V G BV{B) and W = X. 

Now set gn '■= Vn — V. Note that \Vgn\ G M{B) is bounded so for a subsequence 
\Vgn\ ^ £ M{B) where /i is non-negative. Similarly (up to a subsequence) ^ G 
M{B) where u is also non- negative. We have that for all G C^(i?), (pgn G BV{B) and 
by the continuous embedding BV{B) L'^{B) we have 

1/2 

'^dx\ <C I iVUonMdx 



and since in L^, taking limits gives 

1/2 



J (l)'^di?j <C J \(f)\dn. 



Taking (p to be an approximation to the characteristic function on Br{x) G B we get 
for all Br{x) G B, and in particular z/ <C /i. 
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By standard results for differentiation of measures (see e.g. [H §1.6 Theorem 2]), for 
any Borel set E G B 

v{E) = I D^vdn 

J E 

where D^z/ = lim^j^o is a /i-integrable function (this limit exists /i-almost every- 

where) . 

Since /x is a finite, positive Radon measure, there are at most countable points {xj} such 
that iji{{xj}) > 0, and if yu({x}) = then 

DMx) = lim 4^4^ < C lim fi(BJx)) = 0. 

Letting X := Uj{xj} we have D^v = /i-almost everywhere on B\X. Hence Df^u is a 
simple function, therefore for Borel E d B 

iy{E) = / D^vd^= ^ D^v{xj)^{{xj]). 
•^^ {r.x,&E} 

Setting Oj := D^u{xj)jJi{{xj}) we have z/ = 'Ylj^^j^xj- Now, for G C^{B) 

Eaj(f){xj) = lim / gn<pdx 
n— >-oo / 

= lim / {Vn - VY(j)dx 

n—^oo J 

= Jim (^J iyl - 1/2)0 dx + 2 J V{V - V;)0 dx^ 

where the last term vanishes in the limit since Vn ^ V weakly in L^. □ 
Lemma A. 6 (Corollary of Lemma [A.Sp . Suppose {Vn} is as in Lemma lA.Si If 

lim lim sup ||Ki||L2{ij,{x)) = 

''4-0 n— >oo 

for all X E B, then 

Vn-^V 

strongly in Lf^J^B) (same V as in Lemma \A.5\} . 

Proof. First we apply Lemma [A. 51 and viewing iKipc?^; as a sequence in M{B) we notice 
that the condition limr.|o lim sup„_^oo ||^n||L2(B^{a:)) = simply says that V^ ^ V"^ weakly 
in M{B). Therefore, given any open ball Bj.{x) CC B we can apply standard results 
for Radon measures ([U §1.9 Theorem 1]) to conclude that (since /^^ ^.^^ |1/p(ix = 0) 
\\V\\L^{Br(x)) for all fi^(x) CC B. Hence 



{V-VnYdx = / {V^ -V')dx + 2 / V{V-Vn)dx 

Br{x) JBrix) JBrix) 

—7- as n — oo 

since Vn ^ V weakly in L^. Therefore Vn ^ V strongly in Lf^^{B). □ 
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A. 7 Absorption lemma 



Special cases of the following lemma are widely used in regularity theory. 

Lemma A. 7. (Leon Simon IT5[ ^2.8, Lemma 2].) Let Bp{y) C be any ball, k E M., 
r > 0, and let (f be any [0,oo) -valued convex subadditive function on the collection of 
convex subsets ofBp{y); thus ip{A) < XljLi'/'l^i) whenever A, Ai, A2, An are convex 
subsets of Bp{y) with A C Ujli ^i- There is eo = ^oik) such that if 

whenever B2(j{z) C Bp{y), then there exists some C = C{k) < 00 such that 

p'^iBp/M) < CT. 
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